Consider two populations of longitudinally polarized muons at rest in the laboratory, one
fully polarized along Oz (NVy(t) at time t) and the other fully polarized in the opposite direction
(Ny(t) at time t). They both decay with the muon lifetime (decay rate )o), but, due to a
spin-flip interaction, there is a transfer from one population to the other (transfer rate A). This
gives the coupled differential equations:

dN

d—tl = —XoNi — AN; + AN,

dN.

= = ~holN: = ANy + AN (1)
d

E(Nl + Np) = —Xo(Ny + N>)

d

E(Nl —Nz) = —(do+2))(N — N2) (2)

The solution, including initial conditions, is:

M)+ Naft) = [N2(0) + No(0)] exp(—At)
Mi(t) = No(t) = [Ny(0) — No(0)] exp[— (Do + 2))1] (3)

and:

Ni(t) — No(¢)  N1(0) — Ny(0)
M) T N0~ Mi(0) = Na(0) S (4)

This is the degree of polarization P(t) of the muon ensemble:

P(t) = P(0)exp(—2At) (5)
It decays with the decay constant 2A.
Also:
1
Ni(t) = 5 exp(—/\ot){Nl(O)[l + exp(—2At)] + N2(0)[1 — exp(—%\t)]}
M0 = S explhot){ MOt —expl(-23) + W01 + exl~20) (6

Assuming that the initial state is a pure state of polarization along Oz, the initial conditions
are:

N (0) =1 N»(0) =0 (7)
this gives:
N(t) = %exp(—/\ot)[l + exp(—2)¢)]

Na(t) = 5 exp(—Dot)[1 — exp(~2M0) (8)



or, by using the dimensionless variable 7:

Ni(t) = %exp(—7’)[1+exp(—2a1’)]

Ny(t) = %exp(—r)[l — exp(—2ar)] (9)

with dot = 7 and a = A/X.
In the following figures are plotted, for three different values of a:
1. Ni(t): first population of muons.
2. N(t): second population of muons.

3. Ny(t) + Ny(t): total population of muons. It decays with the muon decay constant Ao.
4. P(t) = (N1(t) — No(t))/(N1(t) + Ny(2)): degree of polarization. It decays with the decay

constant 2).

The time 7 is in units of the muon lifetime.
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Figure 1: Time evolution of the two populations of muons. Case a = 1.0.
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Figure 2: Time evolution of the two populations of muons. Case o = 0.1.
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Figure 3: Time evolution of the two populations of muons. Case a = 10.0.



Let us now study the shape of the positron spectrum and the positron asymmetry as a
function of time. The general expression for the energy and angular distributions of the positron

182

d’T
dzd(cos §)

+Pug cosb (2 — aF)” [20 SO 5(4” 41— m?,)l/z)} }

In the following the positron mass will be neglected (zo

or
dzd(cos§)

Assuming the standard values for p and 4:

d’T _
dzd(cos ) N

The asymmetry is:

2r — 1
3 -2z

A(z) = P,{cosb

For P,¢ = +1:

d°T
dzd(cos 6)

2z —1

Alz) = 9
(z) = cos 3 92

For cos 8 = +1:

ar _
dr

222

For cos 8 = —1:

ar

T Ap3(1 —
T z?(1 —z)

4
= (2? - 33(2))1/2{6:1:(1 —z)+ 3 p(4z? — 3z — z3) + 6nzo(l — )

et ettt

2? [(3 — 22) + P,¢ cos 8(2z — 1)]

=z?|(3 —2z) + cosf (2z — 1)

(10)

(11)

(14)

(15)
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spectra for three values of cos § are shown on Figure 4.
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Figure 4: Positron spectrum for three values of cos .



The positron asymmetries for three values of cos# are shown on Figure 5.
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Figure 5: Positron asymmetry for three values of cos 6.



Assuming that positrons are detected in one direction, the positron spectrum will be a
function of time:

S(z,t) = Ni(t)[22%] + No(t)[42*(1 — z)] (20)
and the asymmetry:

Ale,t) = Ni(t) + Na(t) 3— 22

(21)
The following figures show the content of various energy bins (1.0, 0.9, 0.8, 0.7, 0.6, 0.5, 0.4,
0.3, 0.2, 0,1) for two cases of initial conditions:

L N1 = ]_, N2 =0.

.N1:0,N2:1.



The content of eleven energy bins as a function of time
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Figure 6: Content of eleven energy bins. Case a = 1.0. Initial conditions: N; = 1, N, = 0.
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06 The content of eleven energy bins as a function of time
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Figure 7: Content of eleven energy bins. Case a = 1.0. Initial conditions: N; =0, N, = 1.
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The following figures show the content of various asymmetry bins (1.0, 0.9, 0.8, 0.7, 0.6,
0.5, 0.4, 0.3, 0.2, 0,1) for two cases of initial conditions:

.N1:1,N2:0.
e N,=0, N, =1.
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The content of eleven asymmetry bins as a function of time
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Figure 8: Content of eleven asymmetry bins. Case a = 1.0. Initial conditions: N, =1,N, =0.
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04 The content of eleven asymmetry bins as a function of time
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Figure 9: Content of eleven asymmetry bins. Case o = 1.0. Initial conditions: N; =0, N = 1.
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The following figures show the positron spectrum and positron asymmetry as functions of
time for different initial conditions:

Shape of the positron spectrum as a function of time
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Figure 10: Positron spectrum. Case a = 1.0. Initial conditions: Ny =1, N, = 0.
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Positron spectrum as a function of time
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Figure 11: Positron spectrum. Case o = 1.0. Initial conditions: N; =0, N; = 1.
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Positron asymmetry as a function of time
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Figure 12: Positron asymmetry. Case a = 1.0. Initial conditions: Ny =1, N, =0.
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Positron asymmetry as a function of time
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Figure 13: Positron asymmetry. Case a = 1.0. Initial conditions: Ny =0, N, = 1.
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