
Chapter 4

Simulation

4.1 Overview

This measurement used a detailed GEANT3 simulation[90] of the particles and detector re-

sponse. Simulation events started with the generation of muon(s) and beam line positron(s)

at the end of the M13 channel, with rates that matched the DAQ scalers. Pions, protons,

cloud muons and radioactive beam line particles were not simulated, since they were removed

from the data by physical windows and a time of flight cut (see Section 3.3.1). The simulated

particles and their secondaries32 were transported through the detector materials. When a

muon decayed, the simulation produced a positron with energy and angle read from a sepa-

rate database, which used a hidden value of P π
µ ξ (see Sections 3.1 and 3.4). Transportation of

the particles through the magnetic field used a fourth order Runge-Kutta numerical method.

The muon’s spin was transported with equivalent precision. The simulation demanded that

at least one transportation step was taken in every material; this was important for the

energy loss in thin materials such as the cathode foils.

The physics processes in the simulation included ionisation energy loss, δ-electron pro-

duction, Bremsstrahlung, multiple Coulomb scattering, position annihilation, Compton scat-

tering, pair production, and the photo-electric effect; these processes were not tuned from

their GEANT defaults. Multiple scattering was particularly important for the muons since it

affected the initial divergence of the beam, and the size of the beam measured by the wire

chambers. The simulation included materials external to the tracking volume, such as the

iron yoke, photomultiplier tube housing and scintillators; the positrons can backscatter from

these materials and re-enter the tracking volume.

The simulation included a special digitisation routine, so that its output mimicked the

real DAQ. This allowed the data and simulation to undergo an almost identical analysis; the

exceptions were the crosstalk removal routine (see Section 3.2.2) and the time of flight cuts.

For each data set accumulated, a simulation with equivalent statistics was generated; this

was adequate since the P π
µ ξ precision is limited by systematic uncertainties, not statistical

32These included γ’s, e+ and e−.
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uncertainties.

The bespoke code modules that are important for P π
µ ξ will be described. Specifically

these are the particle generation routine, muon depolarisation mechanisms, muon decay gen-

erator, and the simulation of the chamber response. The simulation’s performance is then

documented.

4.2 Particle generation

The muon beam was measured before the solenoidal fringe field, using a pair of time expansion

chambers (TECs); Appendix G described the analysis that resulted in the position (x, y) and

angle (θx, θy) for each muon. The TECs had low positron efficiency, so that the beam line

positrons were instead measured using the upstream drift chambers, while the magnetic field

was off. The precision was inferior to the muon beam measurement, but was adequate since

the muon decay parameters were relatively insensitive to the simulated positron beam.

For both the muons and beam line positrons, five x-y histograms were constructed with

binning 0.1 cm, and these were filled with the number of particles, average θx, RMS (root

mean square) of θx, average θy and RMS of θy. The initial particle position was chosen

using an accept/reject method on the histogram of the number of particles. The θx and

θy angles were then drawn from a Gaussian distribution with the mean and RMS from the

other four histograms. The RMS was multiplied by a correction factor for multiple scattering,

cx = 63.9% in the x−module and cy = 48.0% in the y−module. This approach fully accounted

for correlations between position and angle, but assumed that θx and θy could be modelled

by independent Gaussian distributions.

The muons were launched from a z−position corresponding to the centre of the TEC

modules. The initial momentum (p) was found to linearly depend on the x−position at the

TECs according to

p(x) = p0 − p1x. (4.1)

The p1 parameter was tuned using comparisons such as Fig. 4.1, and p1 = 0.17 MeV/c per

cm was found to be optimal. The p0 parameter was then determined by setting the average

momentum to 29.6 MeV/c (see Section 2.2.4) so that

p0 = 〈p(x)〉 + p1 · 〈x〉
= 29.6 MeV/c + (0.17 MeV/c) · 〈x〉 , (4.2)

and 〈x〉 was different for each data set. Muons were not generated above the kinematic
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maximum momentum of 29.79 MeV/c.

Section 2.9 described the materials traversed by the muons; the simulation required an

extra 1.9 mg/cm2 of material to match the data distribution of where the muon was last seen.

However, this was within the uncertainties of the thickness measurements and the vacuum

window bulge. For half of the simulations, the extra material was added to simulation, at a

z location within the strong magnetic field region. For the other simulations there was no

additional material.

4.3 Depolarisation

The simulation of the muon’s spin will be described, by implementing Eq. (1.39) while in

motion, and simulating time dependent depolarisation when the muon is stationary.

The simulation did not include depolarisation due to the field between the nucleus and

atomic electrons, muonium formation at low velocities, and muon-electron scattering; see

Section 1.6.2 for an explanation of why these were negligible. Also the spin of the positron

is not transported since the experiment cannot detect this quantity.

4.3.1 Initial polarisation

The simulation starts muons with anti-parallel spin and momentum vectors. This is an

approximation with two limitations; first the muons are selected from the graphite production

target at an average depth of 16µm. Multiple scattering while exiting the target changes

the momentum vector but not the spin vector, causing them to no longer be anti-parallel.

This effect is treated as a correction in Section 6.3.1. Second, the muons have already passed

through the magnetic fields in the M13 beam line, and the difference in precession frequencies

between the momentum and spin vectors (Eq. (1.37)) can change the angle between them.

This second effect is negligible, changing Pµ at the level ∼ 10−8; see Appendix I for details

of the estimate.

4.3.2 Electromagnetic field

Recall the Thomas equation from Section 1.6.1, which described the propagation of the spin

vector in an electromagnetic field,

d~s

dt
=

e

mc
~s×

[(

g

2
− 1 +

1

γ

)

~B −
(g

2
− 1
) γ

γ + 1
(~β · ~B)~β −

(

g

2
− γ

γ + 1

)

~β × ~E

]

. (1.39)′
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Figure 4.1: Average muon range (mg/cm2) depends on the x−position of the muon at the
TECs. The relationship is well modelled by a quadratic. The simulation required p1 =
0.17 MeV/cm in order to match the data.
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The E field term was not included in the simulation. The drift and proportional chambers

have significant electric fields, but a field of (+E) between the entrance cathode foil and wire

was followed by a symmetric (−E) field between the wire and exit cathode foil, cancelling

the change in spin from this term. For programming convenience, the Thomas equation was

manipulated into this form:

d~s

dx
=
d~s

dt

1

|β| =
e

mc

[

U1(~s× ~B) − U2(~s× ~̂v)
]

, (4.3)

where

U1 =

[

1

|β|

(

a+
1

γ

)]

, U2 =

[

a
γ

γ + 1
|β|
(

~̂v · ~B
)

]

,

and a = (g − 2)/2. The spin was then propagated using a Taylor expansion,

~s = ~s ′ +
d~s

dx
∆x, (4.4)

where ~s is the new spin vector and ~s ′ is the spin at the previous step. In order to correct

for numerical precision errors, the components of the spin vector were renormalised at each

step. For example,

sz =
sz

√

s2
x + s2

y + s2
z

, (4.5)

and similarly for sx and sy. For each GEANT particle transportation step, smaller sub-steps

were taken that depended on the magnitude of the magnetic field and muon velocity.

The Thomas equation can be solved exactly in a uniform and stationary magnetic field[94],

and this solution was used to validate the numerical method[56]. A more recent test found

that Pµ (the polarisation z-component) decreased by 4× 10−4 within the tracking volume of

the detector, where the field is ≈ 2.0 T and uniform, so that Pµ should be unchanged. This

was due to not enough sub-steps being taken at low velocities to propagate sx and sy, which

caused a sz error due to the renormalisation in Eq. (4.5). This was fixed by increasing the

number of sub-steps by a factor of ten. A new validation used the simulation with energy loss

and multiple scattering disabled, to show that momentum and spin remained anti-parallel to

< 2 × 10−5.

Note that GEANT3 does not transport the spin by default, and the implementation in this

section was unique to the TWIST experiment. GEANT4 does include spin transportation by

default, using the same fourth order Runge-Kutta algorithm as the momentum transporta-

tion code. This was insufficient motivation for moving to GEANT4, since the current Taylor

expansion algorithm was valid for a P π
µ ξ measurement at the level of 10−4.
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4.3.3 Time-dependent depolarisation

In the time interval between thermalisation and decay, the muon’s spin is precessed, and can

be flipped (~s→ −~s) so that Pµ(t) matches the data. The simulation does not implement the

random walk of the muon in the metal stopping target (see Section 1.6.3).

4.4 Muon decay

The default GEANT3 program could simulate muon decays assuming the standard model

(V − A) interaction (P π
µ ξ = 1). For non-standard model values of the decay parameters,

a bespoke program was used[84], which included the higher order radiative corrections that

were described in Section 1.4.5. The software ran on a dedicated server at TRIUMF, and

each time a simulation began, the list of decay positron (p, cos θ) pairs was retrieved from

the server.

The bespoke program also produced the derivative spectra that were described in Section

3.4. In this mode of operation, a (p, cos θ) pair and the relevant sign (±) were supplied to

the simulation.

4.5 Wire chamber response

The responses of the DCs and PCs were simulated in detail, with the aim of accurately

reproducing inefficiencies, bias and resolution. As a particle passed through the chamber

gas, ion clusters were randomly produced along the trajectory, with a mean cluster spacing

that was tuned to match the data. The drift distance to the wire was converted into a time

using STRs from the GARFIELD software[92] (see Section 3.2.7). The time was then smeared

to include electronics effects and diffusion. Wires that were dead in the data were removed

from the simulation.

The muons produced more ionisation than the positrons, which deadened the wire within

0.06 cm, with a mean recovery time of 3.0µs. This effect is included in the simulation since

it caused a small upstream inefficiency.
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4.6 Performance

4.6.1 Upstream stops

Special “upstream stops data” were accumulated, where the muons were stopped close to the

trigger scintillator, allowing the decay positrons to be reconstructed separately in each half

of the detector. These data and the accompanying simulation provided guidance for the sys-

tematic uncertainties due to positron interactions and the upstream-downstream inefficiency.

At the time of writing, the upstreams stops analysis has been carried out for the nominal

silver target, and a special larger radius aluminium target[95]. Two previous analyses have

been made for the standard aluminium target[17, 56]. The larger target data were acquired

with the target PCs removed, which increased the range of energies and angles reconstructed.

This target differed from the standard aluminium, since it was lower purity (99% instead of

> 99.999%), and was slightly thicker (76µm instead of (71 ± 1)µm).

Positron interactions

The energy loss and angle changes between the upstream and downstream trajectories were

compared in data and simulation. There will be discrepancies if the simulation has the incor-

rect target thickness, limitations in the positron interactions physics, a different resolution

to the data, or a different reconstruction bias to the data.

The distribution of (∆p) cos θ for the large aluminium target is shown in Fig. 4.2(a).

The multiplication by cos θ removes the dependence of energy loss on track length through

the planar target module. (∆p) cos θ > 0 corresponds to an energy loss; the entries with

(∆p) cos θ < 0 are due to the resolution of the reconstruction algorithm. The peaks of the

data and simulation distributions differ by just (1.2 ± 0.1) keV/c for the large aluminium

target, with the simulation having slightly more energy loss than the data. This result is

compared with the nominal targets in Table 4.1, where the simulation is seen to have about

6% more energy loss for all three targets. The FWHM of the distributions are well matched,

and the latest preliminary results show an improvement in the data-simulation match from

10% down to about 3%. The remaining discrepancies in peak and FWHM could be due to an

incorrect target thickness in the simulation, or a limitation in the modelling of positron energy

loss. Note that the energy calibration procedure (Section 3.5) corrects for data-simulation

differences in energy loss while positrons exit the target.

The systematic uncertainty due to the reproduction of hard scatters (> 1.0 MeV/c) is

constrained by the tail of Fig. 4.2(a). The most recent large target analysis finds that

in the data (simulation), the fraction of events with ∆p > 1.0 MeV/c is 1.054 ± 0.008%
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(1.069 ± 0.009%), which is an agreement at the 1.9σ level; previously these numbers were

1.42 ± 0.01% (1.420 ± 0.004%)[17].

The change in angle through the target is well matched in data and simulation, as Fig.

4.2(b) demonstrates, with the peak positions differing by just (0.19 ± 0.02) mr for the large

aluminium target. The peaks are matched at the sub-mrad level for the other targets (see

Table 4.1). The cause of the non-zero peak angle is unknown and was not investigated, since

a misalignment or bias of order 0.1 mr has negligible consequences for P π
µ ξ.

Table 4.1: Comparison of energy loss and scattering angle distributions in
data and simulation. The latest results are preliminary. The bracketed number
indicates the uncertainty on the final digit.

Target Peak of (∆p) cos θ ( keV/c)
Data Simulation Difference

Nominal silver 41.7 (1) 44.2 (1) -2.5 (1)
Nominal aluminium 32.8 (2) - -
Nominal aluminium[17] 28.4 (1) 29.65 (4) -1.3 (1)
Large aluminium 21.0 (1) 22.2 (1) -1.2 (1)

Target FWHM of (∆p) cos θ ( keV/c)
Data Simulation Difference

Nominal silver 140.16 (8) 135.11 (6) 5.1 (1)
Nominal aluminium 130.50 (10) - -
Nominal aluminium[17] 155.90 (10) 141.64 (4) 14.3 (1)
Large aluminium 124.92 (7) 121.19 (8) 3.7 (1)

Target Peak of ∆θ (mr)
Data Simulation Difference

Nominal silver -0.07 (4) -0.21 (3) 0.14 (5)
Nominal aluminium 0.09 (4) - -
Nominal aluminium[17] 0.97 (2) 0.581 (7) 0.39 (2)
Large aluminium 0.11 (1) -0.08 (2) 0.19 (2)

Target FWHM of ∆θ (mr)
Data Simulation Difference

Nominal silver 54.34 (3) 51.31 (2) 3.03 (4)
Nominal aluminium 28.58 (3) - -
Nominal aluminium[17] 29.75 (2) 29.159 (7) 0.59 (2)
Large aluminium 23.47 (1) 24.12 (1) -0.65 (1)
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(a) Energy loss.

(b) Angle change.

Figure 4.2: Energy loss and angle change for positrons traversing the large aluminium
target[96].
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Inefficiency

The chamber efficiencies were close to 99.95%, but the track reconstruction efficiency was

lower due to ambiguity from particles overlapping and large angle scatters. The efficiency

could be determined directly in simulation where the particle type and its trajectory were

known, and was found to be > 99.6%. An indirect track reconstruction inefficiency (TRI)

measure was determined for both data and simulation, by using the upstream stops analysis

to see how often a positron was reconstructed in one half of the detector, but not in the other;

this measure cannot distinguish between decay positrons and beam positrons. The TRI is

shown in Fig. 4.3, where a dependence on p and cos θ is evident. The feature at p = 25 MeV/c

corresponds to beam positrons, which were reconstructed with lower efficiency since they had

small transverse momentum. The behaviour is well matched in data and simulation, except

around the beam positron feature. If a cut is made at (25 < p < 28) MeV/c, then to first

order the difference between inefficiency in data and simulation is uniform over (p, cos θ), and

the average values of this difference are summarised in Table 4.2.

Table 4.2: Indirect track reconstruction inefficiency, determined by reconstruc-
tion of a positron in one half of the detector, but not the other half. In each
case the average inefficiency is shown. The latest results are preliminary.

Target Upstream inefficiency
Data Simulation Difference

Nominal silver
Nominal aluminium
Nominal aluminium[17]
Large aluminium

Target Downstream inefficiency
Data Simulation Difference

Nominal silver
Nominal aluminium
Nominal aluminium[17]
Large aluminium
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Figure 4.3: Upstream track reconstruction inefficiency for the kinematic fiducial, determined
by how often a positron is reconstructed in the downstream half of the detector, but not the
upstream half[17].
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4.6.2 Momentum resolution

The muon decay spectrum falls off steeply close to the kinematic endpoint (see Fig. 1.3).

Since this feature is effectively a step function, its reconstructed width was used to compare

the momentum resolution between data and simulation. The previous analysis found values

of σ(p) = 70 keV/c for data and σ(p) = 75 keV/c for simulation, with uncertainties of less

than 1 keV/c[17]. For this analysis, the data and simulation both had a momentum resolution

of σ(p) = 60 keV/c; the better (i.e. smaller) resolution and the exact match between data and

simulation were attributed to the improved STRs and weighting function (see Sections 3.2.7

and 3.2.8). (The calibration procedures for wire time offsets and drift chamber alignment

were applied to the simulation, with the aim of degrading the resolution so that it matched

the data better; however, these changes were found to be far less important than the STRs.)

The reconstruction resolution was measured in simulation using a special decay generator

that emitted positrons according to a uniform angular distribution. A comparison of the

true and reconstructed track parameters determined the momentum resolution within the

kinematic fiducial: for the lower end of the spectrum at p = 20 MeV/c, σ(p) varied between

35 keV/c and 110 keV/c, depending on the track’s angle. For the upper end of the spectrum

at p = 50 MeV/c, σ(p) varied between 70 keV/c and 200 keV/c. The worst resolution (largest

σ) corresponded to low angle tracks. The special simulation determined the average angle

resolution as σ(cos θ) = 0.002[17].

The distribution of energy loss through the target (Fig. 4.2(a)) is a Landau distribution

that has been convoluted with a much wider Gaussian resolution function. The momentum

dependence of this distribution’s width can therefore be used to compare the reconstruction

resolution in data and simulation. A full description of this technique is not included here

since the implications for P π
µ ξ are not significant; see Ref. [95] for further details.
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Appendix I

(g − 2) and the M13 beam line

The muons in the simulation are started at the end of the M13 beam line, with their spin

and momentum anti-parallel. A small depolarisation takes place through the beam line, since

there is a difference in the deflection of the momentum and spin through the magnetic fields

of the dipoles. Recall from Eq. (1.37) that the precession frequencies for the momentum (ωp)

and spin (ωs) differ by
ωp − ωs

ωp
= a =

g − 2

2
= 1.17 × 10−3. (I.1)

For an on-axis particle, shown in Fig. I.1, the deviation from the initial momentum

direction ~v0 will be equal in B1 and B2, but with opposite sign in each dipole. The same is

true for the spin. Therefore the momentum and spin both have a net deflection of zero, and

they remain anti-parallel.

Production
target T1

B1

B2

on axis
particle

45

vo

o

Figure I.1: An on-axis particle passing through M13.

Now consider the two most extreme trajectories that can pass through M13, assuming

two different dipole configurations. These are shown in Fig. I.2. The real configuration is

the single crossover in Fig. I.2(a)[123]. An upper limit can be set on the total net angular

deflection using the emittance at the production target (. 250 mr, before focussing by Q1

and Q2) and TECs (. 150 mr). Under the configuration in Fig. I.2(a), the largest possible
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Appendix I. (g − 2) and the M13 beam line
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(a) Real dipole configuration for M13.
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(b) Alternate dipole configuration for M13.

Figure I.2: Most extreme trajectories through M13 beam line, under two configurations.

deflection is ∼ 100 mr, which from Eq. (I.1) changes the angle between the momentum and

spin by ∆θ ∼ 1 × 10−4. This contributes a depolarisation ∼ 1 − cos ∆θ ∼ 10−8. Even if

the beam line were configured according to Fig. I.2(b), the depolarisation would be ∼ 10−7.

Both of these depolarisation estimates are completely negligible.
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